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Abstract 

We construct the generic component of the moduli space of the 
germs of Legendrian curves with generic plane projection topologicaly 
equivalent to a curve = x"*. 



1 Introduction 

Zariski [7J initiated the construction of the moduli of plane curve singu- 
larities. Delorme [Ij organized in a systematic way the ideas of Zariski, 
obtaining general results o the case of curves with one characteristic expo- 
nent in the generic case (see also [6j). Greuel, Laudal and Pfister (see the 
bibliography of [2j) stratified the space versal deformations of plane curves, 
constructing moduli spaces on each stratum. 

In this paper we initiate the study of the moduli of Legendrian curve 
singularities. We construct the moduli space of generic irreducible Legen- 
drian singularities with equisingularity type equal to the topological type of 
the plane curve = x'", (n, m) = 1. Our method is based on the analysis 
of the action of the group of infinitesimal contact transformations on the set 
of Puiseux expansions of the germs of plane curves. 

In section 2 we associate to each pair of positive integers n, m such that 
{n,m) = 1 a semigroup T(n,m). We show that the semigroup of a generic 
element of this equisingularity class equals T{n,m). In section 3 we classify 
the infinitesimal contact transformations on a contact threefold and study 
its action on the Puiseux expansion of a plane curve. In section 4 we discuss 
some simple examples of moduli of germs of Legendrian curves. In section 5 
we show that the generic components of the moduli of germs of Legendrian 
curves with fixed equisingularity class are the points of a Zariski open subset 
of a weighted projective space. 



2 Plane curves versus Legendrian curves 

Let A be the germ at o of an irreducible space curve. A local parametrization 
I : (C, 0) — >■ (A, o) defines a morphism i* from the local ring 0\^o into its 
normalization C{t}. The semigroup of A equals the set T of the orders of 
the series that belong to the image of i*. There is an integer k such that 
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I £ r for all / > k. The smallest integer k with this property is denoted by 
c and called the conductor of T. 

Let C be the germ at the origin of a singular irreducible plane curve C 
parametrized by 



with Om 7^ and {n,m) = 1. The pair (n, m) determines the topological 
type of C. 

Let M be a complex manifold of dimension n. The cotangent bundle 
tta/ : T*M —> M of M is endowed of a canonical 1-form 9. The differential 
form {dO)^^ never vanishes on M. Hence dO is a symplectic form on T*M. 
Given a system of local coordinates (xi, . . . on an open set U of X, 
there are holomorphic functions ■ ■ ■ on vr^/(C/) such that 6 \^-i(^^^= 
^idxi H h (,ndXn- 

Let X be a complex threefold. Let denote the sheaf of differential 
forms of degree A; on X. A local section of is called a contact form if 
LO A dio never vanishes. Let C he a subsheaf of the sheaf Q^. The sheaf 
C is called a contact structure on X if C is locally generated by a contact 
form. A pair {X, C), where >C is a contact structure on X, is called a contact 
threefold. Let {Xi,Ci), i = 1,2, be two contact threefolds. A holomorphic 
map (/? : Xi — > X2 is called a contact transformation if ip*C2 = 



Let P*C2 = C2 X Pi = {{x, y, : r?)) : x,y,C,7] € C, (C, r,) + (0, 0)} be 



the projective cotangent bundle of C^. Let vr : P*C^ be the canonical 

projection. Let \J and V be the open sets of P*C^ defined respectively by 
r] ^ and ^ 0. Set p = —^/rj, q = —rj/^. The sheaf C defined by 
C\jj = Ou{dy — pdx) and C {y = Ov{dx — qdy) is a contact structure on 
P*C^. By the Darboux theorem every contact threefold is locally isomorphic 
to {U, Ou{dy—pdx)). We call infinitesimal contact transformation to a germ 
of a contact transformation $ : (f7, 0) 1— > (f7, 0). 

A curve A on a contact manifold {X, C) is called Legendrian if the re- 
striction of uj to the regular part of A vanishes for each section lo of C Let 
C = {/ = 0} be a plane curve. Let A be the closure on P*C^ of the graph 
of the Gauss map G : {a e C : df{a) / 0} ^ defined by G{a) = {df{a)). 
The set A is a Legendrian curve. We call A the conormal of the curve C. If 
C is irreducible and parametrized by ([1]) then A is parametrized by 
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Given a Legendrian curve A of P*C^ such that A does not contain any fibre 
of vr, vr(A) is a plane curve. Moreover, A equals the conormal of vr(A). 

Let {X, C) be a contact threefold. A holomorphic map ip : {X, o) 
(C^,0) is called a Legendrian map if Dip{o) is surjective and the fibers of 
if are smooth Legendrian curves. The map (/9 is Legendrian if and only if 
there is a contact transformation -0 : (X, o) (P*C^, (0, 0, (0 : 1)) such that 

Let (A, o) be a Legendrian curve of X. Let Co(A) be the tangent cone of A 
at o. We say that a Legendrian map ip : {X, o) (C^, 0) is generic relatively 
to (A, o) if it verifies the transversality condition To(/3~^(0) n Co(A) = {0}. 
We say that a Legendrian curve (A, o) of P*C^ is in strong generic position 
if TT : (P*C2,o) ^ (C2,7r(o)) is generic relatively to (A, o). The Legendrian 
curve A parametrized by ([2]) is in strong generic position if and only if 
m > 2n + 1. Given a Legendrian curve (A, o) of a contact threefold X there 
is a contact transformation ijj : {X,o) —^ (P*C^, (0, 0, (0 : 1)) such that 
{ip{A),o) is in strong generic position (cf [3], section 1). 

We say that two germs of Legendrian curves are equisingular if their 
images by generic Legendrian maps have the same topological type. 



3 Infinitesimal Contact Transformations 

Let m be the maximal ideal of the ring C{x, y,p}. Let G denote the group of 
infinitesimal contact transformations $ such that the derivative of $ leaves 
invariant the tangent space at the origin of the curve {y = p = 0}. Let J 
be the group of infinitesimal contact transformations 

{x,y,p) ^ {x + a,y + I3,p + -f) (3) 

such that a, l3,^,da/dx,d(]/dy,dj/dp G m. Set H = {^'a,/^ : A, /i G C*}, 
where 

"^xA^^y^P) = (A2;,^y, jp^ ■ (4) 
Let V denote the group of paraholoidal contact transformations (see [4j) 

(x, y,p) 1-^ {ax + bp,y — -acx'^ — -bdp^ — bcxp, cx + dp), 

The contact transformation ([5]) belongs to G if and only if c = 0. The 
paraboloidal contact transformation 

{x,y,p) ^ {-p,y - xp,x) (6) 

Is called the Legendre transformation. 



a b 
c d 



I. (5) 
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Theorem 1 The group J is an invariant subgroup of Q. Moreover, the 
quotient Q / J is isomorphic to 7i. 

Proof. U H £ H and ^ e J, H^H^^ £ J. Hence it is enough to show 
that each element of ^ is a composition of elements of Ti. and J. Let ^ £ Q 
be the infinitesimal contact transformation (x,y,p) ^ {x' ,y' ,p'). There is 
if G C{x,y,p} such that (/?(0) 7^ and 

dy' — p'dx' = (p{dy — pdx). (7) 

Composing <I> with H £ ?{ we can assume that (p{0) = 1. Let $ be the germ 
of the symplectic transformation {x,y,p;ri) 1— > {x' ,y' , —rjp'; Lp~^r]). Notice 
that $(0, 0; 0, 1) = (0, 0; 0, 1). Since D^{0, 0; 0, 1) leaves invariant the linear 
subspace /j, generated by (0, 0; 0, 1), -D<&(0, 0; 0, 1) induces a linear symplectic 
transformation on the linear symplectic space /i"*-/ fi. There is a paraboloidal 
contact transformation P such that DP{0, 0; 0, 1) equals -D<&(0, 0; 0, 1) on 
//-'-/^. Since -D(P~^$)(0, 0; 0, 1) induces the identity map on /i"'"/jU, 
is an infinitesimal contact transformation of the type {x, y,p) 1— > {x+a, y',p+ 
7), where 

da da d'y d^ ^ 
dx' dp'' dx'' dp 

Set 13 = y' -y. It follows from ([Tj) and ^ that {d(3/dy){0) = 0. Hence 
P^^^ £ J . Since $ and £Q,P £Q. Therefore p is the composition 

of an element of H and an element of J . q.e.d. 

Theorem 2 Let a G C{a;, /9o G C{2;,y} he power series such that 

dy 

There are /?, 7 G C{x, y,p} such that /3 — /3o G (p), 7 G m and a, (3, 7 define 
an infinitesimal contact transformation ^a,i3o of typs ([3]). The power series 
P and 7 are uniquely determined by these conditions. Moreover, ([3D belongs 
to J if and only if 



da dPo O^pi 







G m. (10) 



dx^ dx ^ dxdp 
The function /? is the solution of the Cauchy problem 

^ ^ (9a ^ 9a\ dj3 da dp da dp da 
dx dy J dp dp dy dp dx dp 

with initial condition P — Pq G (p). 
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Proof. The map ([3]) is a contact transformation if and only if there is 
(/? € C{x,y,p} such that ip{0) ^ and 

diy + P)-ip + j)d{x + a) = ip{dy - pdx). (12) 

The equation (fT2]) is equivalent to the system 

dp , .da 

d/3 , .da ^, 

By ([n]) and 

By ([13]) and (HSl), (HH) holds. 

By the Cauchy-Kowalevsky theorem there is one and only one solution 
P of ([II]) such that /? - /3o € (p). It follows from ([H]) that 

/ da da\~^ /dp / 5/3 da da\\ 
\ dx ^ dy ) \dx ^ \ dy dx ^ dy ) ) ' 

Since dPo/dy £ m, dp/dy € m. By ip{0) / 0. 
(ii) Since dPo/dx G m, dp/dx G m. By p!7)) . 7 G m. By ([I 

^7 ^ / ^dp__da 
dp \ dxdp dy 5x ' ^ 

By ([9]) and ([lO]), (97/5p G m. q.e.d. 

Corollary 3 The elements of J are the infinitesimal contact transforma- 
tions ^a,/3o such that a, Po verify ([5]) and (f70|) . 

Lemma 4 Given A G C and w G r(m, n) such that w > m + n, there are 
a, Po verifying the conditions of theorem\^ such that i*{P — pa) = Xt^ + • • • . 

Proof. By there is 6 G C{x,y,p} such that i*b = Xt"" + ■ ■ ■ , b = 

^k>o^kP^ and v{bk) > v{b) - v{x) - kv{p) + 1. Set a = -db/dp, Po = bo- 
Set Q = Y.k>o(^kP^^ P = J2k>oPkP^^ where ak,Pk G C{x,y}. By ([U]), 
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for k>l. Since a/ = + for / > 1, v{ajp^) > w + 1, if j < k - 2. 

Moreover, v{ak-ip^) > w + 1 — n and v{akP^) > w + 1 — m. Therefore 



k^w' + E + ^^1^) P'^{k- l)afc-i/ + (A: - l)«fc-i^, 

mod (t"'"''^) for /c > 1. We show by induction in k that 

kl3kP^ = {k- l)ak-ip^ mod for k > 1. 

Hence /3 — pa = b mod (t'"^^). q.e.d. There is an action of into the set 
of germs of plane curves C such that the tangent cone to the conormal of C 
equals {y = p = 0}. Given <I> € JT' we associate to C the image by 7r$ of the 
conormal of C. Given integers n, m such that (m, n) = 1 and m > 2n + l, J' 
acts on the series of type ([1]). Given an infinitesimal contact transformation 
([3]) there is s € C{t} such that = + a and for each i > 1 



n t"- n \n J \ 

Lemma 5 Ifv{Po) > v{a) +v{p), the contact transformation ([3]) takes Q 
into the plane curve parametrized by x = s", y = y{s) + — p{s)a{s) +e, 
where v{s) > 2v{a) + m — 2n. 

Proof. Since t^ = - {i/n)f-''a{t) + {i{i - n)/n'^)a{tff-^'' + ■■■, 
y{t) = Ois' - a{t) E ^aif-"^ + e' = y{s) - a{t)p{t) + e\ 

i>m i>m 



p{t)a{t) = p{s)a{t) - a{tf Yi-foif-^"" + e" = p(s)a(s) + e 



i>m 



where v{e'),v{e"),v{e"') > 2v{a) + m — 2n. q.e.d. 
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4 Examples 



Example 6Ifm odd all plane curves topologicaly equivalent to = x"^ are 
analyticaly equivalent to = x™ (c/. /7/). Hence all Legendrian curves with 
generical plane projection = x^ are contact equivalent to the conormal 
of = X™-. 

Example 7 Let m, s, e be positive integers. Assume that m = 3s + e, 1 < 
e < 2. Let C3. 

m,u be the plane curve parametrized by 

X = t\ y = t'^+t™+3'^+^-3. 

By ^ a plane curve topologically equivalent to y^ = x*" is analyticaly equiv- 
alent to y3 = or to one of the curves C^^rn,u, 1 < v < s — 1. The 
infinitesimal contact transformation 

{x,y,p) ^ {x - 2p,y + p^,p) 

takes the plane curve C3^m,s-i into the plane curve C parametrized by 

3x = - mt"^-^ , y = t*". 

By Lemma O the curve C admits a parametrization of the type x = s'^ , 
y = s"^ + 5, where v{5) > m + 3s + e — 6. By Q/, the curve C is analyticaly 
equivalent to the plane curve y^ = x™. 

The semigroup of the conormal of the plane curve y^ = x^ equals 
r3,m,o = (3,m — 3). The semigroup of the conormal of the curve C-i^ra,u 
equals T^^rn,v = (3, m — 3, m + 3i^ + e), 1 < v < s — 1. The map from 
{0, 1, . . . , s — 2} into 7^(N) that takes v into T-i^rn,p is injective. Hence there 
are s — 1 analytic equivalence classes of plane curves topologicaly equivalent 
to y3 = x™ and s — 2 equivalence contact classes of Legendrian curves with 
generical plane projection y^ = x™ . In this case the semigroup of a curve is 
an analytic invariant that classifies the contact equivalence classes of Leg- 
endrian curves. We will see that in the general case there are no discrete 
invariants that can classify the contact equivalence classes of Legendrian 
curves. 

Given a plane curve 

x = t^, y = i™+ ^ ait, (18) 

i>m+£ 

the semigroup of the conormal of ([18]) equals T^^m,! if and only if Om+e 7^ 0. 
It is therefore natural to call r(3, m) := T^^rn,! the generic semigroup of the 
family of Legendrian curves with generic plane projection y^ = x™". 
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5 The generic semigroup of an equisingularity class 
of irreducible Legendrian curves 

We will associate to a pair (n, m) such that m > 2n + 1 and (m, n) = 1 a 
semigroup T{n,m). Let (fci, . . . ,kr) be the submonoid of (A^, +) generated 
by ki, . . . ,kr. Let c be the conductor of the semigroup of the plane curve 
([I]). Set Tc = (n) U {c, c + 1, ...}. We say that the trajectory of A; > c equals 
{k,k + 1, ...}. Let us assume that we have defined Tj and the trajectory 
of j for some j G {n,m — n) \ j > m. Let i be the biggest element 
of (n, m — n) \ Tj. Let be the minimum of the cardinality of the set of 
monomials of C[x, y,p] of valuation i and the cardinality of + . . 
Let LOi be the ftj-th element of + . . We call trajectory of i to the 

set r, = {i, i + 1, . . . , uji} \ (n). Set Fj = |J Tj. Set r(n, m) = Tm-n- The 
main purpose of this section is to prove theorem [9l Let us show that 

Ui<i + n-2. (19) 

If cjj > z + n — 1 , Fj D {z, . . . , i + n — 1}. Hence Fj D {i, i + 1, . . .} and i > c. 
Therefore (I19p holds. 

Let X = t", y = a„+,t"+\ P = ^.>o(^ + i)a„+it— be power 
series with coefficients in the ring Z[am, • • • , Oc-ii lA- Given J = € N^, 

set t;(J) = ?;(x'yV)- Let A/" = { J G : j + / > 1 and t;(J) < c - 1}. Let 
T = (Tjfc), J G Af, m < k < c — 1 he the matrix such that 

c-1 

j^iyipZ _ ^ -^j^^^k ^^^^ (^C))_ ^20) 

A;=m 

Since dY/dfi = and XdP/d^x = Y, 

^^£X!^ = lX'^-^Y^^^pi-^ and ^ = lTej,,, (21) 
where d{i + 1, j, / + 1) = (i, j + 1, /). Moreover, 

aGA(fc)7GG(o,Z) ^ ' 

where ^(A;) = {a = {am, ctc-i) : [a| =3 + 1 and X]s=m ^^ts = k— {i — l)n}, 
G{a,l) = {7 : |7[ = / and < 7 < a} and fi'^ = Utdmif^ -m + s^' . Let 
us prove ([22|) . We can assume that i = I. Since G{a,N) = {a} and 
^TVpiV ^ ^,>oifc^„g^(,)(iV!/a!);,°a- , m holds for J = (iV,0,iV). Let 
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us show by induction in j that (j22p holds when j + I = N . Set = ((5s, r), 
< s,r < iV. Given 7 G G(a,/ - 1), set 7(s) = 7 + e^. Set A] = 1 if 
7(s) < «• Otherwise, set = 0. Since 

1 jiii ^ ^ jiq-i)! . , 7 

/ (a- 7)17! a// ^ ^ (a-7(sl)!7M! 



the induction step follows from (|21|) . We will consider in the polynomial ring 
C[am, . . . , ttc-i] the order a" < if there is an integer q such that Og < fiq 
and = /3j for z > (7 + 1. Set a;(P) = sup{z : Oj occurs in P}. 

Lemma 8 Lei M,N,q G Z suc/i t/iai < M < N and q + N > 0. If 
A = (A/,fc), where M < I < N, k >0, \k = T j,k and J = {q + l,N - I, I), 
the minors of A with N — M + 1 columns different from zero do not vanish 
at fj, = m. 

Proof. One can assume that q = 0. When we multiply the left-hand side of 
(|20p by P the coefficients of T are shifted and multiplied by an invertible 
matrix. Hence one can assume that M = 0. Set Z = (Zj^k), where Zj^k = 
< j,k < N. Notice that Z is lower diagonal, det(Z) = 1 and 



dZj^k 



jZj_i^k = {k + l)Zj^k+i- (23) 



Let us show that 

Z-^\ = A|^=o. (24) 

Since \N,k is a polynomial of degree in the variable fi with coefficients in 
the ring Z[am, • • • , Oc-i], there are polynomials Zi^k £ Qio-m, ■ ■ ■ , ^c-i] such 
that XN,k = Eilo Ct)2i,kf^^~'- Set Z = {Z,^k), < i < N, < k < c - 1. 
Since Z\^=q = Id, it is enough to show that ZZ = A. By construction, 

AT 

^j'^^ ~ Zj,i^i,k (25) 
1=0 
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when j = N. By ()2ip and (|23p statement (j25p holds for all j. Remark that 



\v{j)+k\fM=o = if and only if k < I. (26) 
Let 9i^k be the leading monomial of Xi^k- When k > I, 

Gi,v{j)+k = a^~^o.m+k if / = 0, (27) 

^i,v{j)+k = am~'am+iam+fc-z+i if / > 1. (28) 

Let us prove ([28|) . Set = j , ai = I — 1, ak-i+i = 1 and = otherwise. 
By (p2|) . a G ^(/^) and there is one and only one 7 € G{a,j) such that 
7o = 0, the tuple a given by ao = and = if i / 0. Since 

7eG(Q,/) ^ ' ^ ^ s=0 

the coefficient of a^~'aj^_]^-^afc_/+i does not vanish. By ip^ . afc_;+r 7^ for 
some r > 1 implies that 70 > for all 7 E G(a, /). Hence ()28p holds. 

Let A' be the square submatrix of A with columns g{i) + A^'m, < 5(0) < 
■•• < 9(.N). By dSl]), det(A'|^=o) = det{Z-^X') = det(Z)-MetA' = detA'. 
Hence detA' does not depend on fi and det(A'|^=m) = det(A'|^=o). Set 
det(A') = X^^S5rn(7r)A^, where A^^ = lli=oK,7T{i)- '^■^ ^ 0' ^he 
leading monomial of Xj^. 

Let e be the following permutation of {0, ...,A/^}. Assume that e is 
defined for < i < I — 1. Let pi and be respectively the maximum and 
the minimum of {0, ...,Af} \ e({o, 1}). If A^+i^g^ = 0, set e(i) = qi. 
Otherwise, set £{i) = pi. Let us show that (j26p implies that A^ 7^ 0. It is 
enough to show that A^^g. 7^ for all i. Since g{0) > 0, Ao,go 0. Assume 
that / > 1 and Xi^q. 7^ for < i < / - 1. Hence g{qi-i) > I - 1. If 
^i,qi-i then Xi^q^ ^ 0. If Xl^q^_^ = then e{i-i) = qi^i- Therefore 
g{qi) = g{qi.i + 1) > g{qi-i) + 1 > / and Xi^q^ / 0. 

Let us show that is the leading monomial of det(A'|^=o). Let vr be a 
permutation of {1, . . . , A^}. Assume that 7r(i) = e{i) if < i < / — 1 and 
7r(/) / e{l). If Xi^q^ -^ = then 7r(/) / (7^ and A^r = 0. If A;^g;_^ 7^ then 
7r(/) / and w(n£i Aj^^(j)) < w(n£i Aj^£(j)). Therefore A^ < A^. q.e.d. 
The semigroup of the legendrian curve ([2]) only depends on {am, ■ ■ ■ ,«c-i)- 
We will denote it by r(„^^...^„^_^). 

Theorem 9 There is a dense Zariski open subset U of C^"™ such that if 
(a„, . . . , Oc-i) e U, r(a^^...^„^ ^) = r(n, m). 
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Proof. Since U is defined by the non vanishing of several determinants, it 
is enough to show that C/ / 0. Let j G {n,m — n), j > m. Set q = ^(rj). 
Assume that we associate to j a family of triples Ii, . . . ,Iq € A/" such that 
v{Is) > j, 1 < s < g, and if E is the linear subspace of C[am, ■ ■ ■ ,«c-i]{i} 
spanned by T/^jc|^=mi ^ ^ s < q, v{E) = tj U {oo}. Let i be the biggest 
element of (n, m—n)\rj. Assume that T,nrj 7^ 0. Hence Tj contains Tj. Since 
v{E) = Tj U {00} and tt('^j) = Q, the determinant D' of the matrix (T/^^^), 
^ ^ s < q, k & Tj, does not vanish at ^ = m. In order to prove the theorem 
it is enough to show that there are Iq+i, . . . , Iq+^i € A/" such that v{Is) = i, 
q+1 < s < q+\\i, and the determinant D of the matrix (T/^ fc), 1 < s < q+'^i, 
k G Tj, does not vanish at /u = m. Set Iq+s+i = {M—s, s, N—s), M < s < N, 
where i = v{x^^p^). By ^ and 

9{^ls,k) < g{ri,.,k) if k>i and s < q < r. (29) 

Set A' = (T/^^fc), q + 1 < s < q + 'fli, k G Tj\r,-. By lemmaO det(A'|^=m) / 0. 
Set T, = Ulti for each bijection e : {1, . . . ,q + ^ n. By ([29]), 

g{Te) < g{D'\'\f,=rn) e{{q + 1, . . . ,q + u}) ^ Ti\ Tj. Since 

D'X%=m = ^ sign{e)T^, 

e{{q + l,...,q + t^})=n\Tj 

the product of the leading monomials of D'\f^=m and A'|^=m is the leading 
monomial of D\^=rn- q.e.d. 

6 The moduli 

Set s = s{n, m) = inf(r(n, m)\{n, m — n)). We say that ([T]) is in Legendrian 
short form if Om = 1 and if Oj ^ and i G r(n, m), z G {m, s{n, m)}. 

If n = 2 or if n = 3 and m G {7, 8}, r(n, m) = {n,m — n) D {m, . . .} and 
X = i", y = is the only curve in Legendrian normal form such that the 
semigroup of its conormal equals T{n, m). If n = 3 and m > 10 or if n > 4, 
(n, n — m) {m, . . . , m + n — 1} and s(m, n) G {m, . . . , m + n — 1}. 

Lemma 10 // ([T]) is in Legendrian normal form, r(n, m) ^ (n, m — n) and 
i/ie semigroup of the conormal of ([T]) equals T{n,m), as{n,m) 7^ 0- 

Proof. Each / G C{x, y,p} is congruent to a linear combination of the series 

y, nxp — my, x\ p' , v{x''),v{p') < s (30) 
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modulo (t'^). Since the series (j30|) have different valuations, one of these 
series must have valuation s, s € T{n,m) \ {n,m — n) and nxp — my = 
sagt^ + • ■ ■ , Os 7^ 0. q.e.d. Let Xn,m denote the set of plane curves ([1]) such 
that ([1]) is in Legendrian normal form and the semigroup of the conormal 
of ([I]) equals T{n,m). Let Wn be the group of n-roots of unity. There is an 
action of Wn on Xn^m that takes ([I|) into x = t^, y = J2i>m^^~"^^i'^^^ 
each 6 G Wn- The quotient Xn,m./Wn is an orbifold of dimension equal to 
the cardinality of the set {m, ...}\(r(n,m) \ {s(n,m)}). 

Theorem 11 The set of isomorphism classes of generic Legendrian curves 
with equisingularity type {n,m) is isomorphic to Xn,m/Wn- 

Proof. Let A be a germ of an irreducible Legendrian curve. There is a 
Legendrian map vr such that '/r(A) has maximal contact with the curve {y = 
0} and the tangent cone of the conormal of A equals {y = p = 0}. Moreover, 
we can assume that vr(A) has a parametrization of type ([T]), with = 1- 
Assume that there is z € V[m,n) such that i ^ m, s{m,n) and aj ^ 0. Let 
k be the smallest integer i verifying the previous condition. By lemmata 
m and [5] there are a € C{x,y,p} and $ G J' such that i*a = a^t'' + ■ • • 
and $ takes ([I]) into the plane curve x = s"^, y = y{s) — a{s) + (5, where 
v{5) > 2v{a) + m — 2n. Hence we can assume that Oj = if i € T{m,n), 
i ^ m, s{m,n), and i is smaller then the conductor a of the plane curve 
([1]). There is a germ of diffeomorfism (p of the plane that takes the curve ^ 
into the curve x = t"^, y = Yli=m'^i^^ (^^- 0)- This curve is in Legendrian 
normal form. The diffeomorphism (p induces an element of Q. 

Let be a contact transformation such ^{X) = X . Since the tangent 
cone of the conormal of an element of X equals {y = p = 0}, $ € ^. By 
theorem [H <i> = where ^ e J and A,/i € C*. Moreover, X^Wn and 

fi = X"^. By lemmata m and El ^ = Id. q.e.d. 
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